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PREFACE 



Mathematics is such a vast and rapidly expanding field of study that there 
are Inevitably many important and fascinating aspects of the subject vhich, 
tuough vithin the grasp of secondary school students , do not find a place in the 
curriculum simply because of a lack of time* 

Many classes and individual students , hovever, may find time to pursue 
mathematical topics rf special interest to them, ISiis series of pacqphlets^ 
whose production is sponsored by the School Mathematics Study Groupf is designed 
to make material for such study readily accessible in classroom quantity. 

Some ol the pamphlets deal with material found in the regular curriculum 
but in a more extensive or intensive manner or from a novel point of view. 
Others deal with topics not usually found at all in the standard curriculum. 
It Is hoped that these pamphlets will find use in classrocHos in at least two 
vaye. Some of the pamphlets produced could be used to extend the work done by 
a class with a regular textbook but others could be used profitably when teachers 
want to experiment with a treatment of a topic different from the treatment in the 
regular text of the class. In all cases, the pamphlets are designed to pranote 
the enjoyment of studying mathematics. 

Prepared under the supervision of the Panel on Supplementary Publications of the 
School Mathematics StuiSy Group: 

Professor R. D. Anderson, Department of Mathematics, Louisiana State 
University, Baton Rouge 3i Louisiana 

Mr. Ronald J. Clark, Chairn»n, St. Paul's School, Ctoncord, New Hampshire 03301 

Dr, W. Eugene Ferguson, Newton High School, Newtonville, Massachusetts 02l60 

Mr. Thomas J. Hill, Montclair State College, Upper Montclair, New Jersey 

Mr. Karl S. Kalman, Room 711D, Office of the Supt. of Schools, Parkway at 
21st, Philadelphia 36, Pennsylvania 19103 

Professor Augusta Schurrer, Department of Mathematics, State College of Iowa, 
Oedar Falls, Iowa 

Dr. Henry W. Syer, Kent School, Kent, Connecticut 

Professor Frank L. Wolf, Oarleton College, Northfield, Minnesota 55057 

Professor John E. Yarnelle, Department of Mathematics, Hanover College, 
Hanover, Indiana 
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SYSnSiS OF FIRST DEGREE DiUATIONS IN THREE VARIABLES 




^» A Ihree Dlroensloiial Coordinate System > 

In thlB pMsphlet ve shall deal with triples of numbers {x,y,z) and view 
them soanetimeB as constituting solution sets of equations in three variables, 
and Bometioes as representing points in three-dimensional space. Thus ve will 
vishi at the outset, to set up a one-to-one correspondence between ordered 
triples of real numbers (x,y,2) and the points of three-dimensional space. 

Take three mutually perpendicular lines and label these linos the x-axis, 
the y-axiS| and the z-axis respectively. These lines can be chosen, and 
labelled, in any nanner whatsoever. For 2 
the sake of uniformity, and because the 
choice is a common one, let the x- and 
y-axis be in a horizontal plane and the 
z-axis perpendicular to this plane. Hie 
point of intersection of the axes is 0, 
the origin. We assign number scales to 
the axes, as ve did with coordinate sys- 
tems in one and two dimensions, in such 
a way that the zeros of each of the axes 
coincide at the origin. The positive 
direction OX extends forward, toward 
the observer; the positive direction 
S5 extends to the right; and the positive 
direction OZ extends upward. A plane 

determined by any two of the axes is called a coordinate plane . There are 
three such planes, the XY-plane, the XZ-plane, and the YZ-plane. 

Through any point F in space draw three planes which are resjHJctively 
perpendicular to the three coordinate axes. The nimbers attached to the 
points in ^rtiich these planes intersect the x- , y- , and z-axes are carded the 
x*coordlnate, the y-coordinate, nnd the z-coordinate of the point P respec- 
tively. These planes 8tnd the three coordinate planes form a box-like figure 
(called a rectangular parallelepiped). We can then find the triple of co- 
ordinates of any given point in space; and, conversely, ve can locate a point 



Figure la 
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Figure lb 

in apace v*en any ordered triple of real numbers is given. This one-to-one 
correspondence between points in space and the ordered triples of real numbers 
^^tLfl^ i£ called a three - dimensional coordinate system . 

Example : Plot the point (5,-2,1*) . 

Solution; Begin at the origin and proceed 5 units in the dirt^ction of 
the positive x-axls, 2 units in the direction of the negative y-axis, and 4 
units in the direction of the positive z-axis. The point located is the re- 
quired point. 
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X 



figure Ic 
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Exercises 1# 



Plot the folloving points: 



1* (0, -X, 3) 

2. (-2, 0, k) 

3. (3, 2, ^) 
k. {2, -1, -3) 
5. {'k, -2, -7) 



6. (0, 2, 0) 

7. (1, -1, 0) 

8. (2, -3, h) 

9. (3, 2, -U) 
10. (2, 0, -3) 



11. Where do all points lie for ^ich x « 0 ; for which x 2 ; for 
which X ^ '3^ 

12 n Where do all points lie for ^hich y ^ 0 ; for vhich y = 3 ? 
13. Where do all the points lie for which z ^ 2 i for which 2 = -2 ? 
Where do all points lie for which x + y ^ ? 



2, Distance riormula in Three Dimensions * 

Development of a formula for the distance between two points in space is 
closely related to the problem of finding the length of the diagonal of a rec- 
tangular parallelepiped. Let us review the latter problem first* By virtue 
of the I^thagorean relation we have « 



Thus, the diagonal of a rectangular pai-allelepiped equals the square root of 
the sum of the squares of its dimensions. 

z 

Consider now the distance between 





Figure 2a 



(2a) 



d(A,B) = /d^(A,D) ^ d^(D,C) + d^(C,B) 



the points A(l,2,U) and B{3,5^6) . 




These points are opposite vertices of 
a parallelepiped as indicated in figure 
2b . The distance between them, AB , 
aaay be obtained by applying forsnula 




♦ 



Figure 2b 



— • ^■^-S^'ms;^ 



i 



d(A,B) . /d^(A,D) * d^(D,C) ♦ d^(C,B). 



IVoB Jlgure 2b %w sse that 

d(A,D) - 3 - 1 - 2 
CiD,C) « 5 - 2 • 3 
d(C,B) - 6 - 1* . 2 

Using the sue method, v« nov derive a foxwula for the distance between 
•ny two points in .pi.ce, P^Cx^^y,,., ) and F^(x^,y^,z^) . 

FJpcbi (2ft) ve have 



But 



(2b) 



^^^'^2> - ^^^2 - '^l^^ * - ^i)^ - ( 



Thle ie the foimala for the distance between two points in three dimensions. 
The foraula is correct no natter where and lie in space. 




,0 
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SxtrclBeo 2. 

Find the dlBtance between the following pairs of points: 

1. (6, 7, 1) , (2, 3, 1) 6. i-k, 2, -1) , (8, 18, Ik) 

2. (If, -1, -5) , (7, 3, 7) 7. (0, 1, 0) , (-1, -1, -2) 

3. (0, k, 5) , (-6, 2, 8) 8. (-3, h, -8) , (-8, -6, -6) 
k. (3, 0, 7) , (-1, 3, 7) 9. (3, k, 5) , (8, h, l) 

5. ik, -1, 3) , (12, 7, -1) 10. (1, 2, 3) , (0, 0, 0) 



3, ^ Equation of a PLanp, 

From plane geoaetry we know that the set of points in a plane, at equal 
distances from two given points, is a line. Similarly, in space, the set of 
points at equal distances from two given points is a plane. We use this pro- 
perty to derive the equation of a plane. Since it was proved in geometry that 
this property characterizes a plane, the equation we derive will represent a 
plane with all the properties of the plane studied in geometry. 

FxfunpiP 1: Determine the equation of the plane whose points are equi- 
distant fros A(l,2,3) and B(2,5,^+) . 

Solution ; If P(x,y,z) is any point in the plane, we know that 

d(A,P) = d(B,I') 




Using Fonnula (2b), we have 



Figure 3a 



/(x - 1)^ + (y - P.f + (z - 3)^ = ' sf + (y - '?f + 
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fVoo this we hAve 

- ex ♦ 1 . 4y + t + 2^ ^ ^ g 

- - 4x + + y*^ - lOy ♦ 25 + 2^ _ Qy ^ 

vhich reduces to 

(3«) 2x + 6y + 2z - 31 . 

!Ihua.the equation of this plane is of the first degree in 3 variables. 

Using this same method we prove that the equation of every plane is an 
equation of first degree in 3 variables. Instead of tvo special points, A 
»nd B, we use P^(x^,y^,2j^) and P2^X2,y2'^2^ to represent anj; two distinct 
points in space. Then we have 

JU - x^)^ . (y . y^f . U - z^f = JU - Xg)^ . (y - . U - z^f 

X -2.. x.x^.x^ ^ - 2- yy, ^ y,^ 4 2^ . ?. 2. 2 . , ^ 

' X - 2 . X . Xg x/ * y^ - 2. y . y/ + y^^ ^ ^2 _ 2 . 2 . ^ 2/ 

(3b) 

2(x^,-x^)x 4- 2(y^,-y^V4£(2g.,^),.{(x2.^^2)^(y^^.y_^2)^(^^2. 03 ^ 

Since d(F^,p) and d(P^,P) are positive numbers, this argument can be re- 
versed, ll^oref ore, ve know that a point P(x,y,2) whose coordinates satisiv 
equation (3b) is equidistant fron and , 

Equation (rb) is an equation of first degree provided the coefficients of 
X, y, and z are not all zero. Let us denote these coefficients by 

A = 9ix^ - x^) , B - 2{y^ ' y^) , C - 2{z^ - z^) . 
These will all be zero only if « x^ , y^ - y^ , and = 
points and coincide. But l\ and P^ are distinct. Therefore, we 

have proved that every plane in three diajensiona can be represented by an 
equation of the form 

Ax + By + Cz + D = 0 
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vbere 

2 .Zs.,2-2s.t2 2^ 



aod A, B, C are real constants, not all zero, "nie converse theoren can also 
be proved, i.*., that every equation of this form represents a plane. The 
i^roof of this converse is given belov. 

Proof ; Let P(x,v^z) be any point on the plane that is the set of points 
equidistant froa 0(0,0,0) and Q(kA,kB,kC) where 

-2D 



2 2 2 



Then d(0,P) « d(Q,P) 



+ y^ + - (x - hAf + (y - kB)^ + (z - kC)^ 

0 «= -2kAx + k^A^ - 2kBy + k^B^ - 2kCE + k^C^ 



2k(Ax + By + Cz) - k^(A^ + + C^) 
Ax + By + Cz - |(A^ + B^ + C^) . 

I"ut k . 



2 2 2 * 



The equation becomes 



Ax + By + C2 + D = 0, 



This argujnent is reversiljle. This means that any point P ^oee coordi- 
nates satisfy Ax + By^^-Cz + D^O is equidistant from the two points 0 
and Q . Hence Ax + By + D = 0 is, by definition, the equation of a 

plane. 

Note; If D «^ 0 , it follows that K 0 . The two points coincide, and 
no plane is determined. The case where D = 0 is treated in Problem 3^ Exer- 
cise 3 • 



Exercises ^» 

1. Use the method of iSxample I to find the equation of the plane whose points 
are equidistant from each of the following pairs of points: 

(a) (-1, 3, 2) , {k, -2, -2)? (d) (2, k, ^5) , (0, 2, 3)j 

(b) (-1, -3, -2) , (-2, 0, k)} (e) (-2, 0, 6) , (l, k, 3); 

(c) (5, -1, 2) , (-5, 1, -2) ; (f) (-1, 2, -3) , il, -2, 3). 



FRir 



2. In each of the folloving, find the equation of the plane that is the set 
of points equidistant fron the given points, and sketch the graph, 
(a) (4, 0, 0) , (-2, 0, 0) 
(t) (0, 3, 0) , (0, -1, 0) 
(c) (0, 0, 0) , {k, 2, 0) 
<d) (0, 0, 0) , (0, 5, 3) 
if 3. Pi*ove that the equation 

ax + hy + cz ■ 0 

where not all the constants a, b, c are zero, represents the set of 
points equidistant froB the symmetric points (a,b,c} and (-a,-b,->c) . 



h. The Solution Set of An Equation in Three Variables . 

We shall examine several first degree equations in three variables, both 
graphically and algebraically, to gain familiarity vith this representation 
of a plane. 



Definition ka. The solution set of an equation in three variables is the 
set Of real number triples (x,^,z) that satisfy the equation . 

^^^^P^g ^' ^fid sc»ne of the elements of the solution set of the equation 

^^a) X + 2y + 2 = 5 . 

Solution; We may tabulate elements of the solution set. of this equation 
by assigning values to x and y , and ccmputing the corresponding values of 
z . In this way we may find as many number triples of the solution set as we 
wish. - 

In the first lines of the tabulation given below, we give the assigned 
values of X and y ; in the third line we give the computed value of z . 



X 


0 


1 


-1 


1 


2 


0 


y 


0 


1 


1 


-1 


0 


2 


z 


5 


2 


k 


6 


3 


1 



X arbitrary 
y arbitrary 
E = 5 - X - 2y 



^^xarople 2: By considering sets of points in the solution set of 

X + y , 

sketch the graph of the equation^ 
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Solution: Viewed as an equation In three variables, this equation has 



x + y + 0*2al* . 

in this equation is zero, ve are ho longer free 
y at randoBi. Tor example, if x = 1 , ve must 
On the other hand, when x * 1 and y « 3 ^ «e 



the form 

Since the coefficient of z 
to assign values to x and 
assign the value 3 to y . 
are free to assign any value v^atsoever to z . We knov frooi the definition 
of the coordinatee of a point P(x,y,2) (See Figure lb) that all the points 
for which X » 1 and y » 3 ie on the perpendicular to the XY-plane 
tJirough the point (l,3,0) • 3ince all these points (1,3^^) correspond to 
number triples in the solution set of Eqiiation ikh) no matter value z 

has, ve see that this peirpendicular line lies in the plane x-^^y+O-z^^ 
(Figure 4a). Similarly^ all points 
(2,2,2) , (3,l,z) , (4,0,z) lie in the 
plane. Continuing in this fashion, ve 
see that the plane contains all the 
perpendiculars to the XY-plane that 
intersect the XY-plane in the line 
X -f y » 4 . Since all these lines lie 
in a plane perpendicular to the XY* 
plane, ve see that the equation 
X + y ^ 4 represerts a plane perpen- 
dicular to the XY-plane. Its line 
of intersection vith the XY-plane has 

the equation x^y«4 (z = 0). Figure ksL 



X + y • 4 




Example 35 By considering subsets of the solution set of the equation 
X = 3 , sketch a graph of the equation. 

Solution : Vieved as an equation in three variables, this equation has 
the f omi 

x-fO'y + O^z-S* 

Here x must be assigned the value 3 j hut y and z may assume any values. 
We see then that this plane is the set of points at the directed distance, 
-♦^3, from the YZ-plane. It is therefore parallel to the YZ-plane. 



9 




X 

Figure 



Exercises k. 

!• Sketch the graphs of es^rh of the equations 

(a) X - 2y * 5 id) y - 2z ^ 0 

(b) X - 2y » 0 (e) 2x - 2 = 0 

(c) y + 22 8 

2. Four points on the graph of the plane 

2x + y = 6 

are seen to be A{3,0,0) , B( 1,4,0) , C( 2,2,0) , D( 0,6,0) . Give three 
Other points on the graph with the same x and y values as A j as 
B ; as C ; as D . Skelch the graph, 
3* Sketch the graph of 2 « ^2 ; of x = 5 ; of y = 3 * 



5. The Graph of a First Depreo Equation in Three Variables > 
If either one or two of the coefficients in the equation 

Ax + By-fC2 + D = 0 

are zero. Section h gives us a method of graphing the equation. li' all the 
coefficients are different from zero, ve proceed in a similar fashion* 

Consider, for exantple, the graph of the equation 

(5a) X + 2y 2 j= 5 . 

An easy way to plot the graph of a linear equation in the plane is to find 
the intercepts of the line* Similarly in three dimensions the graph of a 
plane is easy to sketch if ve begin by finding the intersection of the plane 
with the coordinate planes* These intersections vdth the coordinate planes 
are called traces n If we want the intersection of plane (5a) with the 

10 
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X3f-plmne we must put s » 0 in the equation 

X + ^ + z « 5. 

Ttm resulting equation is 

This iff the equation of a striaght line 
in the XY-plane, and this straight line 
is called the trace of 

X + 2y 4^ z * 5 

in the XY-plane. Similarly the XZ- 
trace is 

X 2 ^ 5 I 

and the YZ- trace is 

2ir -f z 5 • 

Tbe graph of these lines in the coordi- 
nate planes maJkes the position of the 
plane ^ 

X 2y + z ^ 5 

clear. 




Figure 5 



1. 



Exercises 5 . 

Sketch the graph of each of the folloving equations. 



(«) 


X - 2y + z = 5 


(b) 


X + z = 5 


(c) 


X - 2y - z = 5 


(d) 


X + 2y + z = 5 


(e) 


Ux - 2y + z 0 


(f) 


+ ky = 20 


(g) 


3x-2y+|z - 0 


(h) 




U) 


X - 2y - 2 = 0 


ii) 


2|x - 3iy = 0 
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2« On tbe smae s«t of axes iketch th« gxmphs of the follovlng pairs of 
equatiOM, Indlcatiog the graph of the intersection set* 
(a) X -1^ ^ ♦ X « 5 (d) 5x « 20 

X » 1 -9x + 6y - 52 « 0 

{h)x-?y + 2:*5 (e)x.2y + z»5 

(c) 5x 4 Uy « 20 
3x - l^y » 0 



^* Solution Set of a System of Hrst Degree Equations in Piree Variables « 

Definitions . 

Definition 6a. A system of first degpree equations in thi^e variables 
consists of tvo or more equations in three variables . In this pamphlet ve 
will consider only systems that involve either tvo or three equations. 

Definition 6b . The solution set of a system of first de gree equations 
in three variables is the set of all number triples th&t satisfy all equations 
of the system . (It is the intersection of the solution sets of the equations 
of the system.) 

Definition 6c . Tvo systems are equivalent if their solution sets are 
the same. 



* • Sl£ Solution Set of a System of Two First Degree Equations in Three 
Variables. Graphic Approach . 

In Section 3 ve established the fact that every equation 

Ax+By + Cz-^-D^O 

(in vhich A, and C are real coefficients not all zero) represents a 
plane. If ve have two such first degree equations, they represent tvo planes 
that have one of three positions vith respect to each other. The graphs of 
the tvo eqioitlcms may intersect in a llne^ they may be petrallel, or they nay 
be the same plane. Our problem is to discuss the solution set of a system of 
tvo such equations. The most Important case is the one in vhich the tvo planes 
intersect in a line. Hovever, ve vill give an example to illustrate each of 
the three cases. 
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Kxnmple 1: ^he two planes Intersect in a line , Fiwl the solution set 
of the system 

(7a) 

X + z - 3 - 0. 

Solution : The complete solution set of the system {7a) may be ob- 
tained by studying the equivalent system obtained by combining either of the 
equations of (7a) vlth a codblnation 

a(x ^ 2 - 5) + b(x s - 3) • 0 

of the eqiiations of the system. By choosing a ^ 1, b ° -1, ve have 

(x + 2y+2-5)-(x + 2-3)»0, 

which reduces to 

Vrb) y « 1 . 

Thu8| the line of intersection of the given planes, (7a) , is also the line of 
intersection of the planes 

x + 2y + z = 5 ori^"^^"^ 
y « 1 \ y = 1 . 

(l) The easiest system to graph is the last one. 

z 




X 

Figure 7a 
[See also Tb and 7c.] 
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(2) Let U6 sketch the graph of the pftlr 



tfnf of 
Intfrttetfwi 




K+Zy^i « 5 



X ^ ^ ^ z » ^ , 
y « 1 # 

The secorKl plane is parallel 
to the XZ-plane and one trnlt 
to the right of it. Thus its 
trace in the XY-plane has a 
point of intersection with the 
XY-timce of the first planej 
and its trace in the YZ-plane 
has a point of Intersection 
with the YZ-trace of the first 
plane. Both these points have 
y « 1 . They determine the 
line of Intersection of the 
two planes. This line is 
parallel to the XZ-plane. Figure Jh 

(3) Uie third graph (Figure 7c) gives a sketch of the given planes 

X ^ + z ^ 5 ^ 
X z = 3 • 

This graph is the most dif- 
ficult to drav» The second ^ 
plane has t&B its XY-trace 
the line 

X = 3 • 

This intersects the XY- 
trace of the first plane, 
naisely^ 

X ?y » 5i 

in the point x » 3 , 
y 1 , z « 0 • The traces 
Of these tvo planes in the 
Y4:l-plane are 

2-3 

^ ^ ^ " 5 • Figure 7c 
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Biey intersect in the point 

We see that the line of inter«ection of these two planes is the same line as 
the one ve obtained in (X) and {2), and that it ia parallel to the XZ- 
plane « 

Staple 2. 2i£ iSH p^->™s are parallel * Find the solution set of the 
system 

X + ay + s • 5i 
X + 2y + 2 « 10 • 




x + 2y+ 1 ■ 10 



Figure 7d 

Solution ; By inspection, we can see that there is no number triple that 
satisfies both these equations. This is so because, for each number triple, 
the sua, x + 2y 2 , has a definite value that cannot be both 5 and 10 . 

^e planes have no point in coosmonj they are parallel • The system is 
inconsistent , since any triple {x,y,z) that satisfies one equation will not 
satisfy the other. 



Exaaple ^. 2i£ P^J^s coincide. Find the solution set of the system 

x-»^2y + 2- 5*0, 
3x + 6y + 3s£ - 15 0 • 
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Solutioa: By Inspection, ve can see that every number triple In the 
solution set of the first equation is also in the solution set of the second 
equation; and conversely. The given planes coincide. The systeja is dependent ; 
the left meinber of the second equation is three tiros the left m«iiber of the 
first equation. 



Exercises 7. 

Detenaine which of the following pairs of equations represent straight lines. 
Sketch the graph in each case. When the planes intersect, indicate on the 
graph where the line of intersection lies. 

1. X - Sy + 5z « 10 , 7. X + l^y 1| , 

2-1. Z-X=0. 

2. X - ^ + 5z ^ 10 , 8. 3x + y - z 2 , 

2z ^ 6x -I- 2y - k . 

3. X - ?y + 52 « 10 , 9. z - X « 0 , 
y * -2 . 3y + 2 • 9 . 

^* X + y - 5 , 10. X = -2 , 

x=7+y. 2»U, 

5*x + y3.5, 11. x-^?y + z- 5, 

x + y+ z==10. -x + ^ + z=:5* 

6. 3y + 2 « 9 , 12. X + ^ + z = 8 , 

X ky ^ k . X - 2y = 0 . 



®* Algebraic Representation of the Line of Intersection of Two Intersecting 
Planes . 

In this section we study the intersection of a pair of planes 

(8a) x+^* ^-5^0 

(8b) x + y + z- 2«0. 

(Xir procedure is to obtain the equations of three planes pass 
through the line of Intersection of the given planes and ^ch give particu- 
larly useful representations of that line. We construct three different 
linear combinations of the expressions 

and (x.^ 2y - 2 ^ 5) 

(x y z - 2) , 

and find three ctxnponents of equivalent systems each of which has the coeffi- 
cient of at least one variable equal to zero. 
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, • - _ - , . ' .- ^- '^ ^^ 

A coigx>nent of An equivalent eyitaa can be written ^ 
a(x ^ - 2 - 5) b(x + y s - 2) 0. 

(1) We eliminate x by choosing a « 1 , b « -1 • 

{x + Sy-z-5)-(x-^y-»-2-2)-0 
(8c) y - 2a - 3 - 0 

(2) We eliainate y by cbooaing a - 1 , b - -2. 

(x + ^ - 2 - 5) - 2(x + y + 2 - 2) - 0 
{8d) -X - 32 - 1 » 0 

{3) We elimlixate z by choosing a » 1 , b « 1 . 

(x + ^- 2-5) + (x + y+ 2-2)«0 

(8e) 2x + 3y - 7 » 0 

We nov have three distinct nev equations (8c) , (8d) , (8e) , any two 
of ^rtilch Biay be chosen to represent the line of intersection of the given 
planes. 

If we represent this line by the planes 

(8c) y - 2z - 3 - 0 

and 

(8d) -X - 32 - 1 = 0 

we can e. press x and y in terms of 2 : 



(8f) (i) ^ « « -3z - 1 I 

V " 2z + 3 . 



Thi8 is an especially convenient form for determining particular points 
on the- line of intersection of the two given planes. It enables us easily to 
vrite down as many number triples in the solution set as ve wish. We see 
that ve may assign values to z at i^tndom, and obtain corresponding values 
of X and y • Thus the solution set contains infinitely many number triples • 
Hiis is what we should have expected, since the intersection of these two 
planes is a line* 

T^^yi^ 1, Write k members of the solution set of the above systaa 

(i). 

Solution : Using the fifst representation given above, (8f), assign 
arbitrary values to z , and compute the corresponding values of x and y • 
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X 


-1 


I, 


2 


-7 


y 


3 


5 


1 


7 


z 


0 


1 


-I 


2 



X « -3z - 1 
y « 2x 3 
g arbitrari' 



(8g) 



If ve uBe (8d) and (8e) , we can express y and z in terros of x; 

y » • i(2x - 7) , 
z - • -^x + i) . 



Using thlB representation of the line of intersection of the two given planes, 
check the number of triples obtained above by assigning the tabulated values 
of X , and computing the other values. 



X 


-1 


-k 


a 


-7 


y 










z 











X arbitrary 
y « - i{2x - 7) 



2 « - i(x + l) 



Using (8c) and (8e) ve can express x and z in terms of y 

X - - ksy - 7) , 



(8h) 



z - p - 3) . 



Using this representation, check again the number triples obtained from (8f) 
by assigning the tabulated values of y , and computing the corresponding 
values of x and z . 



X 










y 


3 


5 


1 


7 


z 











X « 



- |{3y - 7) 



y arbitrary 

z = |(y - 3) 



Example 2s Find four number triples in the solution set of the system 

gx - y 9s = 6 , 
z = 2 . 

Hov can ve describe the wiiole solution set algebraically? 

Solution ; In this example every number triple in the solution set has 
2 >■ 2 . By substituting this value in the first equation ve have 

2x - y = 2 

y = 2x - 2 



ERIC 



' :r^lii3^V^ 



or 



X » |(y * 2) . 



'Oiui four number triplei in the solution set can be written by assigning arbi- 
m 

trary valuei to x , and cocaputing the values of y : 



X 


0 


1 


■ 

-1 


2 


y 


-2 


0 




2 


z 


2 


2 


2 


2 



X arbitrary 
y * 2x - 2 

2 « 2 



or by asolgning arbitrary values to y ^ and ccmputing the values of x : 



X - |{y + 2) 

y arbitxtury 
z » 2 



ae complete description of the solution set is given either 



as 



X arbitrary 

y * 2x - 2 or as 

z * 2 



X = |(y + 2) 

y arbitrary 
E * 2 • 



In this case, z may not be chosen arbitrarily- 



Exercises 8, 

In each of the problems given belov if the planes intersect in a line express 
two of the variables of the solution set in terms of the third variable^ and 
tabulate a subset of the solution set consisting of four number triples. 



1. X - 3y - 2 11 
X - 5y 2 » 1 

2. x-»-^-2«8 

X 4 y + 2 = 0 

3. x-Z'^y»^5 
X 2y « -2 

hx Sy - Ik ^ 52 
5» -2x + y + 32 - 0 
-4x + 2y + 62 = 0 



6. 2x 62 - l8y = 6 
X - 32 - y » '3 

7. 3x - ^y 22 = 6 
6x - 8y + Uz = Ih 

8. -5x + i^y 82 « 0 
-3x + 5y t ^ 0 

9* 62 - 7y + ^x « 13 

t5X + 6y - 2 « 7 
10. -lOx ^ ^y - 52 « 20 

2x - ry ^2-4 

5 
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9- Ttm Solution Set o£ ft gystea of ^ree First Dcgyge Riufttlonc in Three 

Wt nov eoMider the lolution let of thMe first degree equmtioni in three 
vmrlftblei, A Mim^ln exftaa>le will Introduce us to the probl«n. 




X Figure 9a 

4x + y + s»U, 
2 » 2 . 

Figure 9ft suggest* the grftphic solution in s*lch A is the single point of 
intersection of the three plftnes. Algebraicftlly, ve may use the value of z 
given by the third equfttionj substitute it in the first tvo equations, and 
then solve for x and y i 

2x ^ 3y * k , 
4x + y » 2 J 

3c-^fy*jjz»2. 

Ibe point of intersection of the three planes is (^#1*2) . 

5 5 

Usually the g»phic representation of the three planes represented by 
three first degree equations in three variables vill be too ccsnpllcated to 
drmvt But it is helpful to keep in mind the geometric meaning of the equa- 
tions vhen we consider the types of solution sets^that ve may expect. These 
correspond to the types of intersections that are possible for three planes 
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in sjmce. 1!he aetbod of Bolution vlll be the 5«m in all cues* It is illus- 
tr&ted by the folloving exaaples. In each case the problem is to find the 
solution set. 

Ebcample 1: x 2y - 32 * 9 i 

ax - y -♦^ 22 « -8 , 
-X + 3y - * 15 • 

Stey 1: Eliminate x froes the second and third equations by adding appropri- 
ate multiples of the first equation. We now have the equivalent system 

X + ^ - 32 • 9 # 
0 - 5y + 82 - -26 , 

0 + 5y - 7z - 2^ . 

Step 2s Eliminate y fnsn the third equation by adding an appropriate mul- 
tiple of the second equation obtaining the equivalent system 

X + ^ - 32 - 9 , 
0 - 5y + 82 « -26 
0 + 0 + z -2 • 

Step 3: Substitute 2 = -2 in the second equation obtaining 

-5y « -26 + 16 
y « 2 . 

Step k: Gubstitute 2 c: -2 , and y ^ 2 in the first equation* 

X k 6 ^ 9 

X -1 . 

Ste^ 5 J Check the solution. 

.1 + 1^ + 6 ^ 9 , 
-2 . 2 - 4 - ^8 , 

1 4 6 + 8 ^ 15 . 

We see that the solution is the number triple (-1,2,-2). Ttie planes inter- 
sect in a point. Figure 9h, shows three planes intersecting in a point. 
(Case 1.) 



Example 2: 2x - 3y + * * 3 = 0 , 

x^l2y-22-12^0. 
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To sinspllfy the arithmetic, we interchange the first aod second equation, 
»nd proceed with the steps described in Exaople 1 . 

Ste£ 1: Eliminate x froa two equations, obtaining the equivalent system, 

x+5y-z-3-0, 
0 - I3y + 32 + 3 » 0 , 
0 - I3y + 32 + 3 = 0 . 

step 2: Eliminate y from the third equation. 

x+5y-z-3-0, 
0-13y + 32+3-0, 
0 + 0 + 0 + 0 = 0 . 

In this case, the third equation contributes no new information. If Step 2 
fiiveo the identity . 0 « 0 , one of the giv.?,n equations is a linear comblna - 
•t^o" 2i the other two. Here the left member of the third equation, 

5x + 1^ - 2z - 12 

can be obtained as 

(2x - 3y + 2 - 3) + 3(x + 5y - z - 3). 

■Rierefore, we know that the graph of the third equation must pass through 
the line of intersection of the planes 

2x-3y + 2- 3 = 0 
x+5y -2-3=0, 

(This relationship will be studied I'urther in Section 10.) Thus, the ccMsplete 
solution of the given system is an infinite set of triples representing the 
points on the line, of intersection of the given planes. We may use the 
method in Section 6 if we wish to determine the numbers of the solution set. 

Eliminating x from the first two equations we have 

(2x-3y + 2-3)-2(x + 5y-2-3}=0 
-I3y + 32 + 3 = 0 . 

Eliminating z from the first two equations we have 

(2x - 3y + 2 - 3) + (x + - 2 - 3) - 0 
3x + 2y - 6 = 0 . 

Solving for x and z in terms of y : 

X = i<-2y + 6) , 
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z « ^I3y - 3) , 
y iB arbitrary. 

Figure 9b shows three planes intersecting in a straight line* (Case 2a.) 

Exaaple x + 5y - 3 " 0 , 

2x-3y-^2-3-0, 
Ex-^lOy - 22-6-0. 

&re Step I yields 

x + 5y - 2- 3*0, 
0 - 13y + 3z + 3 = 0 , 
0-^0 + 0+ 0= 0. 

We see that the left-hand member of the third equation is tvice the left-hand 
member of the first equation. 

2x + lOy • 2z - 6 « 2{x + 5y - 2 - 3) . 

therefore, the first ai^ third planes coincide. Again, the solution is coa- 
' pletely described by the firi*^ two equations. It is the same line we found 
in Example 2. (See Oase 2b, igure 9b.) 

Example k: x + 2y + z * ^, 

X - Sy + z = 0 , 

X + 2 = ^ * 

For simplicity, move the third equation into the first row 

X + » « , 

X + + 2 « ^ * 

X - 3y + 2 = 0 . 

Step 1: Eliminate x in the second and third equations. 

X + 0 4 2 « ^ , 

0 + gy 0 « 0 , 
0 - §y + 0 - -i^ . 

Step 25 Eliminate y froos the new third equation. 

X + 0 + 2 « ^ , 

0 + ^ + 0 0 , 
0 + 0 + 0 « . 

Since there are no triples for which 0 =^ -i^ there are no solutions. In this 
case one plane is parallel to the intersection of the other two. (See Case k^, 
figure 9b •) 
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X + y + 2z - 2 , 
X + y + 2z - 3 . 

By subtracting the first equation fram the other two ve find imnediatelo' 

X + y + 2a - 1 , 
0 + 0 -»• 0 « 1 , 
0 + 0 + 0-2 . 

■A£&in, ve have no soluticjn. The three planes are parallel. (See Case 
Figure 9h.) 

Sxaarp le 6: x-y-22»l, 

2x - ^ - » 2 , 
-x + y + 22 . -1 . 

. Step 1 gives the equivalent system 

X - y - & » 1 , 
0 + 0 + 0 = 0, 
0 + 0 + 0-0 . 

In this case, the three equations represent the same plane. (See Case 3, 
Figure 9h.) 

Ba2£le J: 1 + | . i = 3 , 

^+i+i.3, 

X y 2 ' 
X y 2 

These equations are linear In the variables - $ - * We treat these recir- 

X y 3 

rocals as the unknowns • 

Petain the first equation, changing the order of the variables so that 
the computation that follows can be carried on more conveniently. 

- i ^ .2 + i . 3 

2 y X 

Step 1: Eliminate ^ fr«n the second and third equations. We have the equi- 
valent system 

a y X ' 
0 + I + ^ » 9 



0 4- 2. 4- ^ « 5 
y X ^ 



or 0 . i 4 . 1 . 



Step 2: Eliminate ~ trm the third equation 



12 3 
z y X 



3 , 

9 , 



0 + 0 + ^ « 2 . 



Y KS — * . 



3; Substitute - » 2 in the second equation. 



1 + 16 9 

y 

.7 
-1 



y = -1 . 



Step I*-: Substitute ^ = 2 , ^ = -1 in the first equation, obtaining 



7-2+6^3 



1 

z 



1 . 



• 9 



2 = 1 • 



Step 5: Check the solution. 

3*2 + 2(-l) -1 = 3, 
2*2 + 3(-l) + 2 « 3 , 
4 • 2 + (-1) -3 = 1^, 

5ugmiary # "Rie method described in this section is called triaagulation 
because, in the case of a unique solution, the non-zero coefficients (repre- 
sented by Step 2 in Example l) lie in the form of a triangle: 



1 


2 


-3 


oS 




8 


0 


oS 


. 1 



This method provides a systeMitic procedure that enables us to recognize 
when the solution set is empty, when it (contains a single triple, and when it 
contains infinitely niany triples corresponding either to a line of points or 
to a plane of points • The method can be summarized as follows*. 
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Steg 1; Alter choosing a convenient first equation, eliminate one variable 
(say x) from the other two equations by adding appropriate multiples of the 
(chosen) first equation. 

Steg 2; In a similar vay, work vith the second and third equations which now 
contain only y and 2 . ^illtip^ying by suitable numbers, eliminate a second 
variable (say y) from the third equation* 

Steps 3 wid hi The third equation now gives a value of one variable (say 2), 
aibstitute this value in the second equation to obtain y . Substitute the 
valiies of y and 2 in the first equation to obtain x . 

Step 5: Check the values of x, y, z found in Steps 1 - 4 in the given equa- 
tions. 

In Figure 9b we give sketches that illustrate the possible types of inter- 
section of three planes In space. 



1. The three planes intersect in a 
point. The solution set is a 
single number triple. 




2. Ttie three planes intersect in a 

line. The solution set Is the Lint of 
infinite set of number triples fnttftiCtlOfl 

corresponding to the points on f 



the line. 

(a) Tiie three planes have a line 
in common. 




Figure 9b 
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(b) Two plAn^ft coincide iknd 
interflect ttt third plane 
in A line. Ihe solution 
set Is the sue as in ;!(a). 



All three planes coincide. The 
solution set is the infinite set 
of nusber triples correspox^ng 
to the points in the plane. 



The three planes do not have a 
coRgnon intersection. The solu- 
tion set is empty. The system is 
inconsistent. 

(a) Two planes intersect; the 
third is parallel to their 
intersection • 



(b) Two planes are parallel* The 
third plane intersects these 
two in parallel lines. 




2 Plonat 



Porallcl Lines 




PoroiUi 
Lints 



Figure 9h (continued) 
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Figure 9b (continued) 



Exercises — 

la each of the following protlems, determine ^diether the solution set is ea.pty 

or whether its graph is a point, a line, or a plane. If the intersection ia a 
point, give its coordinates. 

1. x + z- 8, 4, x + y-52"9, 

X + y + 2z - 17, 2x + 3y - 12z « 22 , 

X + ^ + E = l6 . 3x - 5y + z = -5 . 

2. x->-^-z=-5, 5.x-2y + 3z-6, 
x+y+2z»ll, 2x+y-22=-l, 
X + y + 3z - 14 . 3x - 3y - z = 5 . 

3. x+^-z«-l, 6. 2x + ky + z = 0 , 
2x+2y-3z=-l, x-y+3z=8, 
l^x - y + 22 = 11 . 3x + y - 2z -2 . 
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-3x + 6y . 3z « -12 , ^ 

y 2 ' 

8, 2X 4 3y ^ 72 - 13 « 0 , 

3x't-^-5z + S2«0, z X 

5x 7y - 32 + 28 » 0 . 16. x + y + z ^ 3 , 

9# • y + 2 « 6 , 3x + 3y 3z » 9 I 

3x+^-4z^2, x+y-2»6. 



10. 20x - 20y - 30z = 0 , 



11. 



12. 



lOx - 2Qy - lOz -= 0 



3x y z ' 



X y z 
x y 2 



X y 2 



15x - lOy - 252 = 0 , £ . i + i „ 1 



X y 2 



12 + i + 2 ^ 2 y X ^ 



l8. x + 2y + z=:3, 



+ 2x-y + 32 = 7, 

3x y z ^ ^ ^ I ^ 

1, 18 ^ ^ ^ 3x + y + i^z = 10 . 

x " y ^ z " ""^ ' 19p 3x + 5y + 22 0 , 



1*^- . 42 = 12 



6x - 25y - 8z 8 , 
20. 2x - y + 42 = 3 J 
3x + 2y - 2z = -1 , 



xyz"^* x-Uy+102=T. 

13-x+y+z=2, 21. 2x+y+z-3=0, 
2x + 2j' + 22 = 5 , x + Uy + 32 - 10 ^ 0 , 

x-y^S«Y» x-3y-2z+7«0. 

14* 3x - y - 2z - 2 = 0 , PP. X - ^ - 3z = 2 , 
2y - z 1 = 0 , X - 4y - 13z = 14 , 

3x - 5y - 3 - 0 . 3x - 5y - 4z = 0 , 

fl'23. We consider buying three kinds of food# Focxi I has one unit of vitamin 
A, three units Qf vitamin B, and four units of vitamin C» Food II has 
two, three and five units, respectively. Food III has three units each 
of vitamin A and vitamin C, none of vltaaiin We need to have 11 
units of vitamin A, 9 of vitamin B, and 20 of vitamin C, 

(a) ^iave we enough information to determine uniquely the amounts of each 
of the foods ve must get? 

(b) Suppose Food I costs 60 cents and the others 10 cents per unit. 
Is there a solution for this problem if exactly one dollar is spent 
for these foods? 
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♦ 24. Bhe aolutlon «et of the fcUoving system contains only one triple. Ite- 
teimine \thlQh of the equations mty he omitted without altering the eolu* 
tion set. 

' X + y - 5 
^ -X + 32 » 2 

X + ^ + 2 - 1 

y ^ Z ' -'k 



#10, Eqmlvalent Systems of Equations in Three Variables . 

We give here a treatiMnt of equivalent systems for first degree equations 
in three variables. 

Recall the procedure used in Sections 7^ 8^ and 9 to study systems of 
first degree equations in three variables. We have been using the following 
operations which can always be performed upon the equations of a system to 
yield an equivalent system: 

1. Two equations of the systas may be interchanged. 

2. An equation of the system may be multiplied by any number k 0 . 
3# k times any equation of the system may be added to any other 

equation of the system • 

Consider now the set of all equations that we can obtain from two given equa- 
tions, 

(lOa) p * 22. - 2 - 5 = 0 

lx + y + z- 2= 0, 

by multiplying the first equation by a constant, a , and the second equation 
by a constant, b (where a and b are not both zero), and then adding the 
two equations. This procedure involves oi^rations (2) and (3) • ISius, we 
can represent all such equations by 

(lOb) a(x + gy - 2 - 5) + b(x + y + z - 2) = 0 

(a, b not both ssero) . 

By definition, any solution of the system (iQa) must reduce each of the 
expressions in the parentheses in (lOb) to zero. It mu^t therefore be a 
solution of (lOb) . 

For example, if we take a «= 2 , b = 1 , we obtain 

(10c) 2(x + 2y - z - 5) + l(x + y + 2 - 2) - 0 

3x 5y - 2 - 12 1= 0 . 
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Since this equation is of first degree, it represents m plane. Since it is 
satisfied by all the triples in tfae solution set of (lOa) , the plane passes 
through the line of intersection of the planes la (lOa) . Hence, the equation 
(lOc) represents a plane throtigh the intersection of the planes in (lO&) . 

Thus, any two distinct planes formed by substituting values of a and b 
In (10b) determine the same line of intersection as the equations in (lOfei). 
The left numbers of the equations obtained froxn (lOb) are called linear cc»i- 
binations of the left members of the equations in (lOa) • We have used this 
converse proposition in Sections 7, 8, and 9. 



^^xample 1: Find the equations of 2 distinct planes through the line of 
intersection of the planes of the system 

y - 2 
2 - 5 • 

Sketch the graph. 

Solution ; The general equation of all planes through the intersection of 
the given planes is equation 

UOd) a(y - 2) + b(z - 5) 0 (a,b not both zero) 

1. If we take a 1 , b - 1 , ve have 

y-2 + z- 5 = 0 
y + 2 - T . 

*rhe given plane y ^ 2 is parallel 
to the XZ-plane and 2 units to 
the right of it. The given plane 
z - t> is parallel to the XY- 
plane and units above it* 
These planes intercect in a line 
parallel to the X-axis. The new 
plane y -f z = has the follow- 
ing traces: 

In the XY-plane where z =^ 0 , 
y - 7 ; 

in the YZ-plane where x = 0 , 

y ^ z - ( ; 
in the XZ-plane where y - 0 , 

z - 7 . 




Figure 10a 
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It is m plAae pArmUel to the 
X*Axi0. (See Figure lOb^) 
Hote that , the YZ-timce, 
y * 2 « 7 f pMses through 
the point y«2,2-*5 in 
the YZ-plane . 




Figure ICJb 

2. If ve take a = 2 , b « 2 in Equation (lOd) we have 

2{y - 2) 4 2(2 - 5) - 0 , 
2y 2z - 14 « 0 . 

This plane coincides with the plane we have ^lust studied, 

y + z » 7 . 

This is because the a and b ve have chosen are both twice the a 
and b chosen above. 

3, If ve take a = 2 , b « 1 , we have 

2(y - 2) + (2 - 5) * 0 
?y 2 - 9 * 0 . 

The traces of this plane are 

z « 0 I y " I J 

x«0,2y + z = 9j 
y » 0 , 2 - 9f 

This is another plane parallel to the X-axio, Notice again that the 
trace 

?y -f 2 

passes thrc^gh the point (0,2,^) . See Jlgure 10c. 
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Figure 10c 



Exgrclsas 10, 

Find on equation for a plana through the line of intersection of the 
planes in each of the following systems* By sketching the grajdi in each 
case, show that the plane represented by the equation you have found 
passes through the intersection of the given planes, 
(a) X -t- 2 « 0 , (b) y ^ If «^ 0 , 

2-^*0, z-5"0. 
In each of the following problems, find an equation for the plane con- 
taining the given point and passing through the line of intersection of 
the given pair of planes. 

(a) (1,2,1) ; X + ay - 3z - 0 , 

X - y ^ z » 1 . 

(b) ( j,-l,0) ; 2y - 3z - 2 - 0 , 

X 4 y 4 z = 0 . 
{c) The origin? x ^ z « 0 , 

2x-y + z- 8= 0, 
(d) (l>,2,1) ; £x - y ^ z - 3 » C , 

X - 3y 4 U = 0 . 
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Prove thit the plmnes repretented by the equatloM 

2x - y ♦ 32 - 1 
6x - 3y ♦ 9z " 5 

are parallel. Show that, for all values of a and b , both different 
fi'ODi zero^ 

a(2x • y + 32 - l) b{6x - 3y + 92 - !?) « 0 

represents a plane parallel to the given planes. 

Find an equation for the plane containing the point (l,-l,l) and 

passing through the line of intersection of the planes, 

X 4- y - 3 « 0 

z - U « 0 . 

Sketch the graph, shoving the traces of the three planes, end shov that 
the plane represented by the equation you have found passes through the 
intersection of the given planes. 
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11. Miscellaneous Exercises . 

1. A number may be written in the form lOOh + lOt + u , where h, t, and 
u represent respectively the hundreds, tens and units digitr.. If the 
cum of the digits of a certain number is 13 $ the sum of the unite and 
tens digits Ic 10 , and the number is increased by 99 if the digits 
are reversed, find the number. 

2. Find the relation that must hold between the numbers a, b, c in order 
that the system 

3x + Uy + 52 - a , 

+ 5y 6z = b , 

5x + 6y + '(z = c , 

have a solution, 

3. Find a three digit number such that the difference between each succeed- 
ing pair of digits is 1 and the siim of the digits is 15 . 

A man has three sums of irioney invested, one at 3 at h ^/o , 

and one at • His total annual income from the three investments 

is ^3^6 • The first of these yields ^^k per year more than the other 
two combined. If all the money were invested at i'^^/o he would re- 
ceive ^ per year more than he does now. How much is invested at each 
rate? 

Or, 



5* Tor vtiat vmlue of s vill the three plmnei represented by the equations 
given belov bmve m line of intersection? Give the coordinates of three 
points on the line. 

X y z ^ 6 
y • z * 1 
2jc - 3y M • 7 

6. Tbree trucks were hauling concrete. The first day one truck hauled k 
loads, the second hauled 3 loads, and the third hauled 5 loads. The 
second day the trucks hauled k, arui k loads respectively. The 
third day the sasse trucks hauled 3, 5, and 3 loads respectively. If 
the trucks hauled 78 cu. yds. the first day, 8l cu. yds. the second 
ilay, and 69 cu. yds. the third day, find the capacity of each truck, 
assufiAng they were fully loaded on each trip. 

1, FVank Nixon has a metal savings bank which registers the total amount 
deposited. Only pennies, nickels and dimes can be deposited^ P^nk 
knows that he has deposited one coin on each of ^40 days. The bank 
shows a total deposit of $1.80 • If Frank deposited as many pennies 
as both dimes and nickels, find the number of each. 

8. A printing shop has three presses. One press operated 8 hours on 

Monday, k hours on Tuesday, and 2 hours on Wednesday. A second press 
operated k hours on Monday, 1 hour on Tuesday, and 5 hours on Wed- 
nesday. The third press operated 7 hours on Monday and 7 hours on 
Tuesday. Monday's output from the three presses was 1270 units, 
Tuesday *s was 730 units, and Wednesday's wa£5 550 units. What was the 
average output per hour for each press? 

2 

y. II' A, B, C can do a piece of work in P^j days, A and B can do the 

work in 4 days, and C does twice as much work as A , at this rate, 

find the number of days in which each can do the work alone. 
10. Three planes, A, B, C, working together can spray a certain cotton field 
in 2 hours. Alter they had worked together for one hour, plane C 
developed engine trouble, and planes A and B completed the ^ob in one 
hour and' 20 minutes more. The next day it was found necessary to re- 
spray the part sprayed by plane C . This was done by planes A and B 
in twenty minutes. How long would it take each plane to spray the en- 
tire field? 
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IX. R, S, and T are the points of 
tangencv of a triangle ABC cir- 
cmmscribed about a circle. If the 
fiidei of the triangle AB, BC, and 
AC are reapectiveiy 10, 8, amd 
7 units long, find the lengths of 
the segments AS, SB, BT, TC, CR, 
and AR. 




figure 11a 

12. If a parabola defined by the equation y ^ ax hx c passes through 
the points (-1,1) , (3#l) , i^f-k) , find the values of the constants 
a, b and c . 

2 

13. If a parabola defined by y ^ ax + bx + c passes through the points 
ilf^) , {-3>20) , (-1,0) , find the values of the constants a, b, and 
c . 

Ik^ A local school gym entrance meter received half dollars from adults, 

quarters from high school pupils, and dimes frora elementary school pupils. 
An attendant opened the box ^en the meter shoved that 320 admissions 
had been deposited, giving a total of ^6 . He found there were twice 
as many dimes as quarters. Find ttie number of adults, high school pupils, 
and elementary school pupils who had paid admission. 

15. The stopping distance of a car after the brakes are applied is given by 
the equation 

s « |kt^ + At B 

where. 

s « number of feet the car travels after the brakes are applied, 
t - number of seconds the car is in motion after the brakes are 
applied. 

If the following pairs of values were found for s and t , experimen- 
tally, find the values of the constants k. A, and 

j B * k6 J s 84 / s * 114 

<t«l, lt=P, it^3 
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16. 



17. 



18. 



iny. 



20. 



Aversges for a marking period in a certain matheoatics class are based on 
£Scores made on a one-hour test, a short quiz, and a final examination. 
The scores made by Fx-ank, Joyce, and BXinice, as well as their final aver- 
ages, are shown in the following table. 





Test (T) 


Quiz (Q) 


Examination (E) 


Final (A) 




78 . 


78 


86 


82 


Joyce 


78 


98 


'i'h 


80 


Eunice 


8h 


61* 


8€, 


81 



(a) Find values of v. 



'1' c "3 
compute A if he used the formula 



that the Instructor may have used to 



L d S 



1 " "2 ^ W3)A 



to compute the final average, A * 
(b) Can you find a triple of values for (w-,v^,w^) whose sum is 1 . 
A firm sent a messenger to the post office to buy ^10 worth of 7^ 
air mail stamps, stamps and 1^ stamps. The direct ionG given were 
to buy as many air mail and stamps as possible, getting twice as 

many air mall stamps as stamps, and buying one cent stamps with the 

change that remained after the air mail and four cent stamps had been 
purchased. How many of each kind of stamps will the messenger obtain? 
After playing iB holes of golf, a player reports his score as a certain 
number • His actual score is 1 stroke per hole greater than the number 
whicrh he reports. If the number which he gave as his score and his 

actual score are averaged the resulting number is ^ greater than p€Lr. 

A score of 2 over par is less than the number he reports by 1 • What 
is par for the course, and what -number does he report as his score? 
Find an equation for the plane containing the points (-1,0,0) , (l,-l,0), 
(-1,3,2) . 

[NOTE: This problem should interest students vho have studied chemistry,] 
The problem of balancing chemical equations can be reduced to an easy 
algebraic process. We illustrate by several simple examples: 
(a) Balance the equation for the following chemical reaction: 

( )FeD 4 ( )0^-^ { )FeU ^ ( )C0^ 

Insert the letters w, y, and z in the blanks and write down 
the equations resulting by equating tiie aniovnts of Ke in Fefl 
and FeO, 
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(v) JteS ♦ (x) Og (y) FeO + (2) SO^ 

V « y v{jfe) * y(Fe) 

Repeat this process for the sulfur and oxygen. 

v(S) - 2{S) { V » 2 
x(2 0) » y(0) + 2(2 0) j 2x - y 22 

V » y 

V s 2 

2x « y 4- 22 
Solve for x, y, and z in terms of v 

y » V 

2 a: w 

x = I V 

Choose V so that it is the smallest positive integer for which 
x, y, and 2 are also integers, 

V B 2 J x » 3 

y « 2 ; 2 = 2 

2 FeS + 3 Og 2 FeO 2 SO^ . 

(b) Balance the equation for the following chemical reaction: 

( )KH^ + ( )0g — ^ ( )u^o ^ ( 

(a)KH^ + {h)0^ — ^ (c)H^O + (d)N02 

Nitrogen: a d 

Hydrogen: 3* = 2c 

Oxygen; 2b = c + 2d 

d ^ a 

c ^ -|a 

b - Ja 

a must be equal to k 
b = 7jc = 6;d«^ 
k ^ 7 Og — ^ 6 HgO + 4 NOg 

Balance the equations Xot the follovlng chemical reactions. 
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(a) Ag + HNO^ — ► Agm^ + NO + H^O 

(b) AuCl^ + KI — ►AuCX + KC3. + Ig 

(c) HNO^ + HI — *N0 + I2 + HgO 

(d) HfnO^ + HCl — " MnCa^ + Cl^ + H^O 

(e) Cr (OH), + NaOH + H2O2 — ► Na^CrOj^ + H^O 
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